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Abstract

In this study, the elastic state arising at the interface between a laser-hardened plunger and
its mating barrel was investigated. Laser surface hardening significantly enhances the material
hardness and tribological performance, which leads to a more favorable distribution of temperature
and deformation in the contact zone. In the analysis, the plunger surface was modeled as a periodic
structure and examined within the framework of elasticity theory using the Kolosov—
Muskhelishvili complex potentials method. The boundary conditions were simplified through
Fourier series expansion, allowing the distribution of normal and frictional stresses within the
contact area to be determined analytically. This approach enables a more accurate assessment of
the influence of surface hardening on contact temperature and carries practical significance for
improving the operational performance, reliability, and wear resistance of plunger-type
components. The results of the research align with current scientific directions pursued at the
“Department of Special Technologies and Equipment” of the Azerbaijan Technical University, and
provide a solid theoretical foundation for industrial applications in the fields of tribology and
contact mechanics.
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Yeyilmanin tasiri nazars alinmagla lazerlo méhkamlandirilmis “plunjer-
oymaq” cltliinda termo-deformasiyanin modellasdirilmasi
9.G. Huseynov, S.N. 9sadov, F.S. Huseynli, S.A. 9sadov

Azarbaycan Texniki Universiteti (Baki, Azarbaycan)
Xulasa

Bu todgiqat isindo Sathi lazer texnologiyasi ilo mohkemlondirilmis plunjerin oymagqla tomasda oldugu
zaman yaranan elastiklik voziyyati Oyronilmisdir. Lazerlo sothi méhkamlandirms naticosindo materialin
barkliyi va triboloji gostoricilari shomiyyatli doracads artir, bu iso kontakt zonasindaki temperaturun va
deformasiyalarin daha olverigli paylanmasina gotirib ¢ixarir. Tadgigatda plunjerin sothi periodik struktur
kimi modellosdirilarak, elastiklik nozariyyasi ¢argivasinds Kolosov—Muskhelisvili kompleks potensiallari
metodu ilo tohlil edilmisdir. Sarhod sortlori Fourier siralar1 vasitasilo sadolosdirilmis vo naticads kontakt
sahasinda normal vo siirtinma gorginliklorinin paylanmasi analitik iisullarla miioyyon edilmisdir. Bu
yanasma, sothi moéhkamlondirmanin kontakt temperaturuna olan tasirini daha dagiq giymotlondirmays
imkan verir vo plunjer tipli hissolorin is gabiliyyatinin vo etibarliliginin artirtlmasi, eloco do onlarin
yeyilmaya qarst davamliliginin yiiksaldilmoesi baximindan praktik shomiyyat dasiyir. Tadgigat naticalori,
xususilo Azorbaycan Texniki Universitetinin “Xiisusi Texnologiyalar vo Avadanliqlar” kafedrasinda
aparilan miiasir triboloji vo kontakt mexanikasi sahasindoaki elmi istigamatlorlo uzlasir vo sonaye totbiglori
Uclin mihiim nazori osaslar formalasgdirir.

Acar sozlar: lazerlo sathi moéhkomlondirmo, istilik-elastiklik garginliklarinin modellogdirilmasi,
plunjer-oymaq cutliyunds yeyilmo, Furye sirasi ilo genislonmo, Kolosov—
Muskhelishvili metodu.

MopaeanpoBanue TepMoAe(POPMALMOHHOIO COCTOSIHMS MNAapbl «ILIYHKep-
BTYJIKA» C JIa3ePHBIMH YIIPOYHEHHEM C Y4¢TOM H3HOCA
A.T'. I'yceiinos, III.H. Acanos, ®.C. I'yceiinan, III.A. Acagon

Azepbauiocancrkuu Texnuueckuti Yuusepcumem (baky, Azepbatioxcan)
AHHOTAIUA

B HacTosimieM uccneoBaHWM TPOAHAIM3UPOBAHO HANPSHKEHHO-E(OPMHUPOBAHHOE COCTOSHHE,
BO3HMKAIOLIEE B 30HE€ KOHTAKTAa MEXKJY JIA36pPHO YIPOUYHEHHBIM IUTYHXXEPOM U COIPATraeMOil BTYJIKOM.
JlazepHOE yNpO4YHEHHE TOBEPXHOCTH CYIIECTBEHHO IOBBIMIAET TBEPAOCTH MaTepHara M €ro
TpHOOJIOTUYECKHE XapaKTePUCTHKH, YTO TMPHUBOAUT K Ooylee OIarompwusiTHOMY pachpeieseHHIo
Temreparypsl u jaedopManuii B KOHTaKTHOW oOiactH. B pamkax aHanm3a TOBEPXHOCTH ILTYH)KEpa
MOJIEJIMPOBANIaCh KaK IMEpUOJUYECKas CTPYKTypa M HCCIENOBallaCh Ha OCHOBE TEOPHHM YIPYTOCTH C
HCII0JIb30BAaHUEM METOJ1a KOMILJIEKCHBIX noTeHnuanos Komocosa — Mycxenumsuiu. I'paHudHbIE yCIOBUS
ObUIM ympomleHsl MyTEM pasznokeHuss B psan Dypbe, 4TO MO3BONIMIO AHATUTHUECKH OMNPEAEIHUTH
pacupenencHue HOPMAIbHBIX M KACATEIbHBIX HANPSDKEHHMH B KOHTAaKTHOM 30HE. Takol IOAXO.X
oOecrieunBaeT Ooiee TOYHYIO OLEHKY BIHMSHUS IIOBEPXHOCTHOTO YIPOYHEHHS HA KOHTAKTHYIO
TEMIIEpaTypy U UMEET MPaKTUYECKOE 3HAUYECHHE JJI1 HOBBIIIEHUS SKCIUTYyaTallMOHHBIX XapaKTEPHUCTHUK,
HaJEKHOCTU U U3HOCOCTOMKOCTH JeTANIEH IUIyHXKEPHOI O TUIIA. Pe3ynpTaThl HCCIIEI0BAHUSA COOTBETCTBYIOT
COBPEMEHHBIM Hay4HBIM HampaBieHHsM Kadenpel «CrHennanbHble TEXHOJIOTMHM U OOOPYAOBaHUE)
Azepbaiimkanckoro TeXHHYECKOTo yHUBEPCUTETa U (POPMHUPYIOT MPOUYHYIO TEOPETHUCCKYIO 0asy s
MPOMBIIUICHHBIX TPUJIOKEHUH B 00J1aCTH TPUOOIOTHH M KOHTAKTHOW MEXaHHKH.

KuaioueBble ciioBa: Jla3epHOEe YNPOYHEHHE TMOBEPXHOCTH, MOCIUPOBAHNE TEPMOYIIPYTHX
HaNPSHKEHU, H3HOC B Mape «IUTYH)KEp — BTYyJIKa», paszioxeHue B psag Oypbe,
Mmeto] KonocoBa — MycxenumBuim.
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Introduction

One of the main scientific and technical
challenges in improving the reliability and
durability of precision components in fuel
pumps is surface strengthening. Tribological
contact pairs subjected to high pressures and
frictional effects — particularly the “plunger—
barrel” interface and the impact-induced
contact between the plunger's heel and the
pusher bolt — often exhibit wear and
degradation. These phenomena significantly
reduce the durability of the components. To
mitigate this problem, various surface
hardening technologies are employed. One
such method is laser-assisted diffusion
metallization through the application of a
strengthening paste [1-5].

The essence of this method lies in
applying a specially formulated paste
containing strengthening elements such as
boron and chromium onto the surface of the
component. This paste is then heated using a
laser beam. Under the influence of laser energy,
the surface is heated, and the elements within
the paste diffuse into the surface layers of the
material, forming a hard and wear-resistant
coating. As a result, boride and chromide
phases are generated on the surface. These
coatings exhibit high hardness, resistance to
oxidation and corrosion, as well as strong
durability against friction [6, 7].

The “barrel — plunger” contact pair
examined in this study represents a typical
example of components that slide or move
reciprocally under pressure. Within such a pair,
friction between the contact surfaces leads to
force interactions, contact pressure, and,
consequently, wear phenomena. However,
surfaces that have been pre-strengthened
through laser-assisted diffusion metallization
demonstrate higher resistance to this wear.

Therefore, the application of such a
technological treatment is of particular interest
due to its impact on the wear intensity and the
temperature — deformation state within the
contact pair.

The wear process directly affects the size
of the contact surface and the local distribution
of contact pressure. This, in turn, requires an
accurate evaluation of the stress and
deformation state. In particular, modeling the
tribological properties and stress distribution of
coatings obtained through laser-induced
boron-chromium  diffusion enables the
prediction of their mechanical durability [8, 9].

The aim of the work is to model the
temperature—deformation state that arises in a
“plunger—barrel” contact pair pre-hardened by
laser-assisted paste application, taking into
account the wear caused by friction. The results
of the research are of significant importance for
the design of highly reliable tribological pairs
and for improving their durability.

Research methods

Let wus consider the problem of
determining the temperature in a “barrel —
plunger” contact pair. During the plunger’s
numerous reciprocating movements, heat is
generated as a result of its contact with the
barrel [10, 11].

Since the frequency of the plunger’s
motion is sufficiently high, the problem is
approached as a steady-state case. In the
contact zone — the tribological interface — heat
is generated on the outer surface of the barrel
where it comes into contact with the plunger.
As a result of this interaction, the temperatures
of both the barrel and the plunger increase.

According to the theory of heat
conduction, the boundary conditions across the



Azarbaycan Miihandislik Akademiyasinin Xoboarlori
2025, cild 17 (4), s. 42-50
O.G. Hiiseynov va bagq.

Herald of the Azerbaijan Engineering Academy
2025, vol. 17 (4), pp. 42-50
A.G. Huseynov et al.

cross-section of the plunger are defined as
follows (in contact area (ICA), outside the
contact area (OCA)):

A% = —Q(6), (ICA). o
AS +a(T—T,) = 0, (OCA)

Here, T(1,0) is the temperature function within
the plunger; A is the thermal conductivity of the
plunger material; o is the heat transfer
coefficient from the cylindrical surface of the
plunger to the surrounding medium at
temperature Tc; n is the normal to the outer
contour of the plunger; and Q(0) represents the
intensity of the surface heat source acting on
the plunger.

The thermal conductivity coefficients of
the plunger material are assumed to be uniform
along the axis, in the surrounding environment,
and in the radial direction, and are considered
independent of both coordinates and
temperature.

For the intensity of the surface heat
source in the friction zone:

Q) = (Xm_n_1fvp(9), (2)
Here, f is the friction coefficient of the contact
pair; V is the average circumferential velocity
of the plunger relative to the barrel; p(0) is the
specific contact pressure on the friction
surface; and a,,,; is the heat partition
coefficient for the plunger, where a,;,,,1 = 1 -
Amn-

The outer contour of the plunger is
assumed to be circular. It is well known that the
actual surface of the plunger is never perfectly
smooth and inevitably contains irregularities as
a result of the technological machining process.

The plunger is described in a polar
coordinate system rf, with the origin of the

coordinates taken at the center of circle L, and
with a radius denoted as Ru.

Let us consider a specific realization of
the plunger’s rough surface. Although the
dimensions of the surface irregularities are very
small, they have a significant impact on the
temperature field in regions close to the
surface, as well as on various operational
characteristics of the contact in tribotechnical
pairs.

Taking
temperature:

into account the excessive

t=T-T,, 3)
Let us represent the temperature in the
plunger as an expansion in terms of a small
parameter.
t =t 1 &t 4 - 4)
Here, for simplicity, terms of the small
parameter € of order higher than the first are
neglected. In this case, t©@, t™ represent the
temperature in the zeroth and first
approximations, respectively. Each
approximation  satisfies the differential
equation of heat conduction (3). The values of
the temperature components at r=p(6) are

obtained by expanding the temperature
function in a series near r=Rj.
) _ (0 9t
t/r=p —_ t/r=R1 +€W'H1(e)+"'- (5)
T=R1
ot
o _ @ .
t/r=p —_ t/r=R1 +€a7"—.H1(9)+“"
r = R1

The boundary conditions of the heat
conduction problem, accurate up to the first-
order small parameter, are given as follows:

For the zeroth approximation:

FIAQ)

A== —Q\(®), (IcA), (6)

(0)
AZ—+at® =0, (OCA)
Where Q©(8) = a1 fVp©(6)
For the first approximation:
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When r = Ry,
at® _ oMe)  92t©®
or - = A - 12 Hl(e)’ (ICA) (7)
at(l) (1) _ at(o) azt(o)
AT at® = % AT Hy (6),
(OCA).

Where Q(8) = 1 VD™ (6).

In each approximation, we seek the
solution of the differential equation of heat
conduction theory using the method of
separation of variables [12].

t0 — q)(O)(e)f(O) (r);
t® = dW(O)f P (1), (8)

For the temperature to be single-valued,
the functions @@ and ®®must be periodic.
By substituting t© into the heat conduction
equation (8), we obtain:

2¢(0 0)! 0
r2 ;(:)rf(> _ _Z((:) —2 (9
Equation (9) yields two ordinary
differential equations.
PO +22p© =0, (10)
r2f©@ 4 rf@' _32f0@ =0, (11

The general solution of equation (10) will
be as follows:

®© = AcosAB + BsinA®, (12)

And the solution (11) will be written in
the following form:

fO =cr* + Cr 2, (13)

Since the temperature at any point of the
plunger must remain finite, the second term in
equation (13) vanishes, i.e., C2=0.

The temperature in the zeroth-order
approximation will be expressed in the
following form:

t(O) —
=y, r”(Cl(n) cosnB + Cz(n) sinn 6), (14)

The constants ¢ and ¢ are
determined from the boundary conditions given
in equation (7).

46

After determining the function t(©, we
compute the right-hand side of the boundary
condition (8).

In the first-order approximation of the
heat conduction theory problem, the solution is
obtained in a manner similar to the zeroth-order

approximation.
t(l) —

i or(C cosn 6 + ¢ sinn ), (15)

The constants ¢ and ¢ are easily
determined from the boundary conditions (8).
Based on the obtained formulas, the
excess temperature on the surface of the
plunger up to the first-order small parameter
with respect to € is given by:
t(6)
r=R;
+e [ag—imHl(e) + t(1>]/ :

=Ry

t. =t/rep= +

(16)

Therefore, based on each predefined
processed surface profile, it is possible to
analyze the temperature state of the plunger
using the obtained relations.

It is known that it is more appropriate to
describe the surface of the plunger statistically,
where the function Hi(0) is considered as
realizations of random values at various cross-
sections [13]. A stationary random function in
the interval [0,27] is represented by a canonical
expansion in the form of a Fourier series, where
the coefficients of the series are uncorrelated
random variables with zero mathematical
expectations and variances Dk.

In such an approach, the temperature t,
acts as a random variable, for which the
mathematical expectation and variance are
determined  using  standard = methods.
Significant thermal stresses and structural
changes in the material of surface layers occur
in the components of the contact pair.
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Therefore, under thermo-mechanical
loading conditions, the material of the surface
and subsurface layers of the plunger’s friction
element is investigated. Such an analysis is
crucial for developing criteria for selecting the
optimal design parameters and materials of the
contact pair components.

The problem of determining the
temperature of the plunger in the tribotechnical
pair was discussed in detail in our previous
studies. The plunger is assigned to the polar
coordinate system r(0), with the origin of the
coordinates located at the center of the circle L
and a radius R1. The external contour of the
plunger is assumed to be circular.

Let us consider a specific realization of
the plunger's rigid surface. The contour
boundary of the plunger is assumed to take the
form L'.

The boundary conditions for thermal
stresses on the cross-sectional surface of the
plunger are defined as follows.

When o} = 0; t2, = 0;7 = p(B8), (17)

For convenience in future notation, we
will omit the superscript on "T".
We seek the stresses and displacements in the
plunger in the form of expansions with respect
to the small parameter &, where, for simplicity,
we neglect terms involving powers of € higher

than the first.

Here, 0,68, 189, v v{® represent

the stresses and displacements in the zeroth

O @ @ 1) (1)
0, 09 Trg, Uy Vg

o

approximation, while
correspond to the stresses and displacements in
the first approximation.

Each approximation must satisfy the

system of differential equations of
thermoelasticity theory [14].
When r=p(0), the values of the

components of the stress tensor are obtained by
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expanding the stress expressions into a series
around r=Ru.

The boundary conditions for the
thermoelastic stress problem in the zeroth
approximation are as follows.

Whenr = R, c§°) =0; ri%) =0, (18)

For the first approximation, we obtain:

Whenr =R, o =N; & =T, (19)

Here, the functions N and T are defined
in advance by the formulas.

In each approximation, the solution of
thermal deformations is obtained using the
thermoelastic potential.

In the problem under consideration, the
thermoelastic ~ potential in  the  zero

approximation is defined by the following

equation.
20 190 1 920 14
= — = —Lat©®, (20)
or? r or r2 0902 1—pn

The temperature function t© (r,0) is
expressed in the form of a Fourier series (see
formula (15)).

The solution to equation (20) for the
thermoelastic potential is sought in the
following form:
o© = 2;';;0[@;0) cosn 0+ @ sinn 0], (21)

By substituting equation (21) into the
differential equation (20), we obtain ordinary
linear homogeneous second-order differential

equations for the functions CD,(lO) (r) and

*(0)

@, (7).

a2o® 140  n2 ()  1+p (0
dr? r dr r2 CDn _1—p.aFn ’(22)
@@y ® | 1a0y® 72 (0) _ 14k pe(0)
dr? r dr rz - n 1-p M

It is appropriate to search for particular
solutions of equations (22) using the method of
variation of parameters.

o) = 2 = [F(R” (0)p* " dp) . (23)
o = 2 L[ KB O (p)ptmdp )]
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according to the formulas:

_(0) _ 1000 1 929
ZG( or T 72 502 ) (24)
—(0) 8 (100N _(0) _ . 0%0®
Tro _ZGar(r 20 ) Oy = =265
We calculate the  corresponding

components of the stress tensor.

The obtained stresses (24) do not satisfy
the boundary conditions (18) for the
thermoelastic stress state. This discrepancy
arises due to the influence of the non-uniform
temperature field of the contact pair within the
plunger. Therefore, a second auxiliary stress
state is introduced based on the boundary
condition.

—(0) =(0) =(0)
Oy ,09 ,Tyg,
need to find.
When r = R;:
=0 _ _—o z9_ _ _o
Or =70r, T = ~The, (25)

To solve the boundary value problem
(25), we use the method of N. I. Muskhelishvili
[15-16].

(P(O)(Z) = Z az"*;
k=1
VO (2) = Toapzt . (26)

Using formula (24) and the Kolosov—
Muskhelishvili formulas, we determine the
stresses in the zeroth approximation.

—(0)
050) = 650) +o0, =0
—(0)
O'g)) — —(0) — — 0’
0 _(0) ( )
rg)—rr9+ T9 =0, (27)

As expected, all

0®, 69 1Qare equal to zero due to the direct

compatibility of the field and the absence of
internal heat sources within the domain.

—(0 o) —(0 100
v£ ) — ; vé) _1 ’
ar r 00

stress components

(28)
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—0  —=(0)
v, +ivg =
-i0
= —|aee® (@ ~ 20 (@) — ¥ O )]
— =) —=(0)
v =50 +7, ; vl =T + T

In the zeroth approximation, only the
displacements related to temperature are
determined.

In the first approximation, the
thermoelastic potential displacements are
defined by the corresponding equation.

APpD = ¢ at@®,
1-p

The temperature function t™@ (7, 0)
assumed in the form of a Fourier series (see
formula (15)).

The thermoelastic potential for equation
(29) is sought in the following form.

(29)

oD =
= 2;‘3:0[61321) cosn® + &V sinn 9] , (30)
The subsequent solution procedure

closely resembles the method used to find the
solution in the zero-order approximation, with
evident modifications.

All components of the stress tensor in the

W ;) )

displacement vector components v,
( )

plunger, o are equal to zero. The

MW and

are determined by formulas similar to
equatlon (28), with evident modifications.

Conclusion

In this study, the thermal distribution on
the surface of the plunger and the resulting
thermal stresses were analyzed using analytical
methods. The differential equations of heat
conduction and thermoelasticity theory were
solved using the method of separation of
variables, and the zero-order and first-order
approximations of the temperature field were
obtained analytically.
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The temperature function on the plunger
surface was expressed in the form of a Fourier
series, and the temperature components were
determined in accordance with the boundary
conditions. Additional conditions were applied
to ensure the uniqueness and physical validity
of the solution, particularly ensuring the
finiteness of temperature as r—0.

Due to the non-uniform distribution of
the heat source, the resulting thermal stresses
do not fully satisfy the initial boundary
conditions. This inconsistency leads to
additional mechanical loading and stress in the
surface and subsurface layers of the contact
pair. To resolve this, a secondary auxiliary
stress state was formulated, and the general
stress components were adjusted to satisfy all
boundary conditions.

In both the zero-order and first-order
approximations, the thermoelastic potential and
the components of the stress tensor were

determined using the Kolosov—Muskhelishvili
complex function method. The stress analysis
revealed that non-uniform thermal distribution
on the plunger surface induces significant
localized thermal stresses, potentially causing
structural changes in the material.

Thus, the presented approach based on
heat conduction and thermoelasticity theory
enables a more accurate and realistic modeling
of the temperature and thermal stress
distribution on the surface of the plunger in the
“barrel-plunger” contact pair. The obtained
results serve as a scientific basis for the optimal
design of tribological contact elements,
material selection, and improved resistance to
thermal-mechanical loading.
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