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Abstract

The paper is the Computational Finance project on pricing Asian options with the Monte-Carlo method. The
certain discounted payoff formula is given under the risk-neutral density. The author reviews the arithmetic sampling
payoff formula for fixed and floating strikes; the geometric sampling payoff formula for the fixed and floating strikes.
In both cases the author use the Euler-Maruyama scheme for simulating the underlying stock price using the following
set of data: today’s stock price SO0 = 100, strike K = 100; time to expiry (T — t) = I year; volatility o = 20%; constant
risk-free interest rate » = 5%. As a result following is produced: outline of the numerical procedure; appropriate tables,
comparisons and error graphs; analysis of observations and problems encountered.
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Annotasiya

Mogqalade Monte-Carlo metodu ila Asiya segimlorinin qiymatlorini miioyyanlosdirmoys kdmek edon bir
Hesablama Maliyyasi layihosi aparilib. Giizostli 6domo ii¢iin xiisusi diistur neytral risk sixliginda verilib. Miollif
fiksasiya olunan va iizon mozonnolor ii¢iin ddoniglorin cobri segmo formulunu aragdirib; fiksasiya olunan vo iizon
mozonnalar {igiin hondasi segmo ilo diistur alib. Har iki halda da miisllif asagidaki verilonlor bazasindan istifads edorok
asas sohm qiymotini modellogdirmak ii¢iin Eyler-Maruyama sxemindon istifado edib: bugiinkii sohm giymati S, = 100,
mozonno K = 100; sona ¢atma miiddati (T - ¢) = I il; doyiskenlik ¢ = 20%; daimi risksiz faiz doracasi r = 5%. Noticodo
odadi prosedurun sxemi; miivafiq cadvellor, miigayisalor va sohvlorin grafiklori; miisahidslorin vo yaranan problemlorin
tohlili oldos edilib.

Acar sozlor:  asiya se¢imi, cobri niimuno, hondosi niimuno, cari qiymat, fiksasiya olunan vo ilizon mozonno, bitmo
miiddati, doyiskonlik, faiz doracasi.
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AHHOTAIIAA

Cratbs mpeacTaBiseT codoit uccnenopanne Computational Finance o 1nieHoo0pa3oBaHUIO a3UATCKUX OMIIHOHOB C
moMoIelo Merona Monrte-Kapno. OmnpeneneHnas popMmynina AUCKOHTUPOBAHHOM BBHIILIATHI JaHA TPU HEHTPAIBLHOW K
PHUCKY ILIOTHOCTH. ABTOp paccMmarpuBaeT (HopMyny apuUpMETHYecKOil BHIOOPKH BEITUIAT A (DUKCHPOBAHHBIX H
IUTAaBAOIINX CTPAWKOB, a Take (OPMYNIy BBIUIPHINA C T'E€OMETPHUYECKOW BBIOOPKOW A (PUKCHPOBAHHBIX W
IJIaBAIONINX CTpPakoB. B 000uX ciydasx aBTOp MCMOJB3YeT cxemy Diniepa-MapysMbl JJisi MOAETUPOBaHUsT 0a30BOM
LIEHBI aKI[UH C WCTIOIH30BAHUEM OIPEACTICHHOTO Habopa JaHHBIX: CerOMHAIIHISA 1eHa akiuu Sy = 100; ctpaiik K= 100,
CpOK 110 MicTedeHus cpoka (7 - t) = 1 200; nerydects ¢ = 20%; mocTossHHAs Oe3pHUCKOBAsi MPOIEHTHAS CTaBKa 7 = 5%.
HccnenoBana cxemMa 4YHCICHHOW TPOIEAYPHI, a TaKKe IaHBl COOTBETCTBYIOIIWE TAaONUIIBI, CpaBHEHUS U TpaduKu
OIIUOOK, aHAIN3 HAOIIOACHUI W BOSHHUKIIUX MPOOICeM.

KaioueBble ciioBa:  a3uarckuil omiuoH, apudmeTnveckas BbIOOpKa, IeOMETpU4YecKas BbIOOpKa, TEeKyllas IieHa,
(UKCUpOBaHHBIE ¥ IUIABAIOIIME CTPAWKW, BpeMs 1O HCTEYCHHS CPOKa, BOJIATHIIBHOCTH,
MPOLIEHTHAs CTaBKa.
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Introduction

Asian options are a type of exotic options
with a payoff that depends on the average price
of the underlying asset over the specified
period. As such an Asian option might be less
costly than an equivalent vanilla contract. Since
it is quite hard to manipulate the average price
over time than a single stock price, the Asian
options are obvious choice for the commodity
and energy market participants.

Asian options were first priced by David
Spaughton and Mark Standish of Bankers trust.
They developed the first commercially used
pricing formula for options based on the average
price of crude oil in 1987 while working in
Tokyo, Japan. Hence, there is a name “Asian”.

As an exotic option, the Asian tail offers
further protection against risk by reducing
exposure to sudden movements in the under-
lying asset just before expiry.

One disadvantage of Asian options is that
their prices are very hard to compute using
standard techniques. Unlike European options,
which can be priced using the classic Black-
Scholes formula, there is no analytical formula
for pricing an Asian option when the underlying
asset 1s assumed to have a lognormal
distribution.

Option Payoff

By taking the payoff formula for the vanilla
contract and replacing the current asset price
with its average we get the formula forth
average rate option payoff
Call max (4 — K, 0)
Put max (K — A4, 0), (1)
where A4 — the average price of the underlying
asset over some specified period; K — the strike
price.

This payoff formula allows to lock in the
price of the underlying asset over extended
period time.

Type of Sampling

The setting the payoff formula for the Asian
call and put options, we must look into input
parameters. The strike price is usually given by

the contract. In our project we will look into two
types of strikes: fixed and floating. The second
parameter is the average of the underlying asset
price. Here, we are going to look into different
types of averaging the price of underlying asset.
The averaging for an Asian option depends on
two factors:

< how the data points are combined to form
an average,

< what data points to be used.

The first one points toward the type of
sampling, such as the arithmetic and geometric
sampling. The second one defines the data set,
such as all quoted prices and the subset from the
global data.

By definition, the arithmetic average A, of
the price is the sum of all the constituent prices
equally weighted, divided by the total number of
prices used
AL =—3N S AG=1f S@dr @)

The geometric average Az is the
exponential of the sum of all the logarithms of
the constituent prices equally weighted, divided

by the total number of prices used [Wilmott,
2016].

i1 = exp (13 1ogs
a = exp N 099k |

k=1

1

L ¢ 3)
Ag = exp ?f logS(t)dt
0

With respect of what data points to be used,
we can identify the continuously samples
average, and the discretely sampled average.

The continuously sampled average A° is
called the sum of closely spaced prices taken
over a finite time in such way, that average
become integrals of the asset over the averaging
period.

The discretely sampled average A% s called
the data points of the set of reliable closing
prices over small time period.

In our project we will look at the con-
tinuous arithmetic and geometric sampling with
fixed and floating strikes.
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Solution methods

In order to solve our problem, we have two
methods: the partial differential equation ap-
proach and the Monte Carlo method. Although,
the partial differential method is faster and more
flexible, it is much harder to code. The Monte
Carlo method is much easier to code. Under the
Monte Carlo method, the value of option is the
present present value of the expected payoff
under a risk neutral random walk

V(S,t) =E° [exp - ftT r.dtPayoff (ST)] 4)

The pricing
[Wilmott, 2016]:

1. Simulate the risk-neutral random walk
starting at today’s value of the asset over the
required time horizon. This gives one realization
of the underlying price path;

2. For this realization calculate the option
payoff;

3. Perform many more such realizations
over the time horizon;

4. Calculate the average payoff over all
realizations;

5. Take the present value of this average,
this is the option value.

As part of the exercise we have chosen
following parameters for pricing Asian call
options: today’s stock price Sy = 100; strike
K=100; time to expiry (7-t)=1 year; volatility o
= 20%; constant risk-free interest rate » = 5%.
We set the time-steps at 100, while varying then
number of replications from 10 to 10,

In this report we consider the Asian call
options based on their strike type and the
sampling choice with following payoff formulas
for each type (here, we replace for average with
to avoid confusion with Arithmetic):

1. Arithmetic sampling: fixed strike

algorithm 1s following

Cupe = max(V, — K, 0), ()
2. Arithmetic sampling: floating strike

Cyp = max(St— Vg, 0), (6)
3. Geometric sampling: fixed strike

Co =max(Vy — K, 0), (7)
4. Geometric sampling: floating strike

Cyr1 = max(Sr— Vg, 0), ()

We use Maple as a primary choice of
software to generate a path base on following
formula

Serst = Se(1 + 18t + o /6t) 9)

a) (=100, N=10

0 0.2 0.4 0.6 0.8 1

0 0.2 04 0.6 0.8 1

Figure 1. The MonteCarlo method for N replications

Figures 1 (a—b) compares of the replicated
stock prices with the fixed ¢ = 100 time-steps
and varying number of replications N = 10 and
N =100. Having N = 100 and above ensures the
normal distribution of the asset prices.
Although, any values for N > 10® is beyond the
scope of this work, since the limit capacity of
the employed computer. We use the regular
MACBOOKPro with Processor 3 GHz Intel
Core 17 and Memory 16 GB 1600 MHz DDR3.
All prices are rounded up to three decimal
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places, as if you pay cash, the more detail prices
are provided in WorkbookO1.xls.
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Figure 2. The MonteCarlo asset price distribution

The analytical solution of PDE for Asian
Call Option provides us with the initial price as
5.763. We gonna use it as reference to find the
price approximation for our simulation model.

The standard error is provides by the Maple
Statistics package (library) based on formula.

g

en == (10)
Table 1 shows he error factors in pricing
Asian Options for each type of options.

Table 1. The error factor in pricing of Asian options
(call-put)

Num- Arithmetic Geometric
If)er of
SItIiI:)l:ll:- Fixed Floating Fixed Floating
N Call Put | Call Put Call Put Call Put
10 3.766 |1.842{5.159 [0.356 |3.380 |1.249 |2.520 2.335
100 0.979 10.618 10.952 10.568 0.704 0.627 |0.906 |0.517
1000 0270 0.182 {0.279 |0.166 |0.248 0.187 0.315 0.172
10000 0.084 0.054 {0.091 0.055 0.081 10.058 0.091 0.053
100000 0.026 0.017 {0.029 10.017 |0.025 0.018 0.030 0.017
1000000 | 0.008 |0.005 0.009 0.005 0.008 [0.006 0.009 |0.005
10000000 | 0.003 0.002 |0.003 {0.002 {0.003 |0.002 |0.003 0.002
100000000 0 0 0 0 0 0 0 0

We start our analysis by comparing prices
for Asian Call Options at the money (S; = K).
Table 2 shows prices for Asian Options at S, = K
=100.

Table 2. The prices of Asian options (call-put) at the
money

Number of Arithmetic Geometric
e Fixed Floating Fixed Floating
N Call | Pwt Call Pui | Call Puw Call Put
i 7445 2533 5960 1833 6418| 1251 3149 53555
100 4783 4209| 6299 3900| 610z| 4231 5139 3073
1000 5394 3205| 6051 3645 5081| 3519 5860 3246
10000 | 5831| 3334 5856 34l0| 5568 3423 6050 3.182
100000 | 5633| 3349 5933 3413 5503 3460| 6115 3317
1000000 | s732) 3333 s000| 3432 5507 3443| 6123 3300

10000000 5F14| 3323 5903 3423 5459 3441 6131 3301

I OO0 3715 3322 3911| 3428 5500 3440| 6119 3300

As we can see from Table 2, the prices

become more stable after N > 10° replications.
If you have to pick, then most expensive option
that will be Geometric Floating Strike Asian
Call Option. The cheapest is also Geometric
but Fixed Strike Asian Call Option.

Next, we look at Asian Call Option out the
money (S, < K). Table 3 shows prices for Asian
Options at K > S; = 90.

As we can see from Table 3, the prices also

become more stable after N > 10° replications. If
you have to pick, then most expensive option that
will be Geometric Floating Strike Asian Call
Option. The cheapest is also Geometric but Fixed
Strike Asian Call Option.

Next, we look at Asian Call Option in the
money (S, > K). Table 4 shows prices for Asian
Options at K < S;= 110.

As we can see from Table 4, the prices become
more stable after N>10° replications. If you have to
pick, then most expensive option that will be
Arithmetic Fixed Strike Asian Call Option. The
cheapest is Arithmetic Floating Strike Asian Call
Option.
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Table 3. The prices of Asian options (call-put) out the
money

Numth er of Arithmetic Geomeiric
Shmlations Fixed Floating Fixed Flbating
N Call Put Call Put Call Put Call Put
i OERE| DA2a 5045 1126 1976 E 148 2488 4794
ion 1567 | 10,045 | 4.853| 2737 1.251| 7.594| 5430 2041
100 1224 B7E0 5351 3280 1.424) 9113 5727 3072
10000 1.522| BE1T7| 35335 3060 1411 9.060) 5537 20907
T 000 1.528| 5884 5331 3065 1415 9073 5512 2974

100000 1.537| Z.886| 5304| 3.083| 1.413| 9.072| 35.514| 2973
10000000 1536 BE80Z) 5317 3085 1413 0070 5512 2972

100000000 11,536 |8.892 5317 | 3085 | 1413 | 9070 | 5512 | 2.972

By looking at these tables and comparing
the rates of change of derivative per 10% move
in the underlying up or down, we can say that
Asian Options with Fixed Strike are more
sensitive to the movement of the underlying.
Meanwhile, Asian Option with Floating Strike,
especially the Geometric Floating Strike Asian
Options, act more like a damper by reducing the
oscillation in underlying price.

The call-put parity doesn’t hold in the
standard definition. The asset price on the right
hand side of equality actually represents the
average underlying price.

Table 4. The prices of Asian options (call-put) in the
money

Nunth er of Arithmetic Geomeiric

R s B Wikoes i Wzl Fileifin,
N Call Put Call Put Call Put Call Put
in 20710 0203 6060| 1205 15.027| 0.660) 6550 2.84%
100 14.544) 1068| 5350 2690 12261| 0.942| 6963 4.418
106 | 12963 0831| 6302 2.529| 12.731| 0.865| 6.66%| 3.707

10000 12.070| 0D8F9| &Addd| 3.704| 12644 0063 4731 33551

100000 12990 0D8&0| &538| 3754| 12674 0938 4756 3429

00000 12994 0262 6503 3773 12689 0924 AF2Z 3624

0000000 13.006| OD2A0) @505 3770 12703 0929 6728 36351

IO0O0000 | 13005 | 0861 | 6502 | 3770 12706 | 09329 | 6731 | 3431

Conclusion

Here are the major points of our research:

The Euler method generates the lognormal
distributed asset prices.

The higher the number of repetitions the
more accurate the price of derivative.

Asian Arithmetic Fixed Call Option is
more sensitive to the price movement of
underlying asset.

Asian Geometric Floating Call Option is
less sensitive to the price movement of
underlying asset.

The call-put parity doesn’t hold in the
standard definition. The asset price on the right
hand side of equality actually represents the
average underlying price.
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